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FATIGUE CRACK PROPAGATION
IN CYLINDRICAL SHELLS UNDER TORSION
By Fred J. Tisch and Fazil Erdogan
Lehigh University, Bethlehem, Pa.
S UMMAR .
An experimental investigation was conducted to determine
fatigue crack growth rates for inclined cracks in thin cylin-
drical shells of 6063-T6 aliminum under reversed cyclic tor-
sion. For the analysis and the correlation of the fatigue
results, the stress intensity factor was used. Since the
analytical solution for the shell with an inclined crack is
not available, an approximate semi empirical stress intensi-
ty factor for this particular lo4 r:tng and geometry was devel-
oped. This development was based on the known solutions of
a pressurized cylindrical shell with a longitudinal crack
and a cylinder with a circular hole subjected to torsion.
The curvature correction factors which appear in the model
were obtained from the experimental strain maasurements in
the vicinity of the tips of a slit cut along a 45 0 helix in
the cylinder.
The fatigue crack propagation in 6063-T6 aluminum for
this fully reversed tension-compression . biaxial loading
is compared with the known results for 6063-T6, 7075-T6 and
2024-T3 aluminum alloys. One of the tentative conclusions
reached in this study was that the crack propagation rate
{, influenced by the bi-axial nature of the loading away from
crack. The crack growth rate increases if the stress
,,..,)nent parallel to and away from the crack is tension,
and decreases if it is compression.
Present Address: Naval Ship Research and Development Center
Washington, D.C.
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INTRODUCTION
The general problem of fatigue crack initiation and pro-
pagation in thin-walled structures is of considerable tech-
nological importance, since it relates directly to the fail-
safe design of aerospace vehicles and some ship structures.
In these structures thin curved sheets are the rule rather
than the exception. Also, in the case of a fatigue crack
starting from a local stress raiser (such as a hole), the
crack is nucleated quite early in the fatigue life of the
structure and the major portion of the total life 1s devoted
to fatigue crack propagation. Therefore, investigations of
fatigue crack propagation are necessary to establish the
useful life of shell-like structures.
The majority of the fatigue crack growth studies report-
ed in the literature have dealt with flat plates subjected to
simple uniaxial extensional and bending; loads. While a few
limited studies, such as the work reported in [1], concern-
ing fatigue crack growth in cylindrical shells under fluct-
uating internal pressure loading have been carried out, the
effect of more complex loading conditions and geometries on
the fatigue crack propagation phenomenon has not been invest-
igated. In particular, the effect of shell curvature requir-
es additional investigation. Also, shell-like structures
are not only subjected to extensional membrane loads, but also
to twisting (torsion), bending and transverse shear loadings.
Therefore, since not very much is known quantitatively
concerning the growth of fatigue cracks for conditions other
than simple extensional loading of flat plates, it was con-
sidered worthwhile to undertake an experimental study of P
-tigue crack growth in a cylindrical shell loaded in reversed
cyclic torsion. This case represents significantly more com-
plex conditions of loading and geometry than the flat plate
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loaded in tension or bending, or the internally-pressurized
cylinder, while still retaining; a large measure of experim-
ental simplicity. Under torsion loading, the fatigue crack
grows in a direction which makes an angle of approximately
45-deg.with the shell generator, which results in a compound
curvature of the sheet relative to the crack axis. Also,
when resolved relative to the crack growth direction, the
loading becomes biaxial tension compression, a condition which
is virtually impossible to develop in flat plate tests.
SYMBOLS
a	 Half crack length
Cs
	Shell curvature correction factor
Cm , C 	 Membrane and bending components of Cs
dda^, ^dLL	 Crack growth rate
E	 Young's Modulus
F s
	Shell hole influence factor
Fp (A), F2 (;1)	 Flat plate hole influence factors
G 2 (A) Flat plate hole influence factor
h Shell wall thickness, plate thickness
Ks , K	 Shell and plate hole stress concentration
factors
k	 Plate stress intensity factor
k 	 Stress intensity factor range ( _ (kmax-k min ) /2)
k 	 Shell stress intensity factor
km , kb
	Membrane and bending components of k 
k 	 Equivalent opening mode stress intensity factor
L	 Crack length measured from edge of hole
;J	 Number of cycles
3
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R Cylinder middle surface radius
ro hole radius
rxy Linear correlation coefficient
3 y Standard estimate of error
(x 1
8 0(2 Crack growth constants
?r Bending crack growth parameter
h) Bending stress intensity factor coefficients
E
m
Applied principal strain
Ex ,Ey Strain components in cartesian coordinates
A Dimensionless length parameter ( =L/ro=a/ro-1)
/k Shell curvature parameter due to a hole
M.
c
Shell curvature parameter due to a crack
Y	 Poisson's ratio
	
GVO
	
Applied stresses
Tx or.
	 Stress components in cartesian coordinates
Grs ^ 'Lre	 Stress components in polar coordinates
Qx .9 T	 Total stress components in the shell due to
s	 s	
a crack
6
xc 
,I 
yc	
Singular stress components
^x , (f'	 Membrane components of 6x	 yand6
	m ym	 c	 c
(I' 	 a	 Bending components of G and a
xb 	yb 	 xc	 yc
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Stress components in the shell due to a hole
Grs}i sII Ilembrane components of LT
r
	and 17
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G' 	Bending; components of 6'	 and 6rrb,	
ab 	 rsli	 sti
ar , T	 Stress components in the plate due to a holePH
	 pH
T	 Yield stressyp
n.	 A load ratio parameter+
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EXPERIMENTAL INVESTIGATION
This section preEents the detail of the experiments
carried out during this investigation.
Test Specimens
The test specimens used in this investigation were 30-
inch long sections of commercial grade 6063-T6 aluminum
alloy construction pipe having a nominal 10-inch outside
diameter and 0.109-inch wall thickness. This pipe was select-
ed for the test specimens because it was the only readily
available cylindrical tube satisfying the requirement of
"infinitely long thin cylindrical shell". Standard manufact-
uring tolerances for this pipe are -0.031 to +0.093 inch for
the outside diameter and + 12 per cent for the wall thickness.
Measurements of the cylinders are given Table 1. Two additional
tubes obtained for static loading tests had a wall thickness
of 0.095 inch. Table 2 gives the mechanical properties of
the material, including the results of the experiments to
check the isotropy of the shell, which will be assumed in the
analytical portion of this study. The S-N curve scatter band
obtained from rotating beam fatigue tests is shown in Figure 1.
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For the fatigue tests, a 3/8-inch diameter hole was used
as the stress raiser. The hole was first drilled and then
reamed to the required diameter. The same size hole was also
used in the static tests to determine the influence of the
hole on the crack tip stresses. A 13/64-inch diameter hole
was used in the static load tests to determine the crack tip
stress intensity factor. The general configuration of these
specimens and the nor,enclature used in the subsequent discuss-
ions are shown in ^igure 2. Several specimens containing slits
and other than round notchei were also tested. Yhese crack-
initiating notches were o riented with their major axes at 0,45
and 90 degrees relative to the cylinder longitudinal axis.
Testing "Machine
All of the tests were performed on a torsional fatigue
machine schematically shown in Pigure 3. The machine is cap-
able of applying either static or cyclic torsion loads to a
cylindrical test specimen. 	 It has a torsional spring
which is also driven from the main drive shaft by a linkage
identical to that which loads the test specimen. This spring
has the same torsional spring constant as the test specimen,
but its cyclic angular displacement is 90 degrees out of phase
with that of the specimen. Theoretically, the only energy
input required for this system, once it has been started, is
that necessary to replace the energy dissipated by friction.
Static loads are applied to the test specimen by means
of a hydraulic Jack pushing; up on the lower parallelogram arm.
The connecting rod is disconnected from this arm for static
load tests. Thejacking point is on the side opposite the
cyclic loading drive system.
6
w
^	 4 	 ^^r f s 	
W ^ '
y	 x. y^ 	 ^t n`. 4 x	 tl at,	 t ti f y r	 r^ ,
`t + Q ra $^ 	 4 { t' y
^ ,,
	
.	
^2'U^"	
Yti 
Frei. ^'. F :^ i. #i «
r ^•	
z ^ ;^	 ^ ^	 B ^ ^ r	 M: a• r
'i'he Tests
The raw data taken in conjunction with the crack growth
experiments --onsisted of the number of load cycles, crack
length and amplitude of the cyclic strains applied to the
test specimens. The points of crack initiation at the edge
of the crack nucleating hole and the subsequent directions
of crack growth were also recorded. For the static tests,
crack length, gross section strain and strain in the vicinity
of the crack tip were measured. The instrumentation used to
obtain the respective measurements was essentially simple,
and possessed a sufficient degree of accuracy. Strain gages
were placed along the 45 0 helixes away from the perturbation
zone of the cracks and the specimen itself was used as the
load cell.
Throughout the entire series of tests the cyclic rate
was held constant at 70 cycles per minute and the peak angu-
lar displacement at a nominal 1 degree of arc. Except for
recording the peak cyclic strain level during the first few
cycles of a test, actual data collection did not begin until
a definite crack was detected. The cracks were generally bet-
ween 0.04 and 0.06 inches long when first observed. Thereafter,
crack lengths were recorded at periodic intervals, the inter-
val becoming shorter as the crack growth rate increased.
A test was ended when the average length of two cracks
growing from diametrically opposite sides of the induced notch
reached approximately one inch. This length marked the onset
of significant bulging of the shell (in the vicinity of the
crack) during the compression portion of the load cycle.
After completion of a test, the specimen was removed from the
machine and the points of crack initiation and average direct-
ions of crack growth wer Q measured.
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Although the tents described herein were essentially
constant displacement (strain) amplitude tests, it was obser-
ved that the net section stress in the cylinder remained con-
stant throughout the test. In one test, which was continued
until one branch of the crack reached a length of over six
inches, the net section stresses did not change significantly
until the crack length exceeded four inches.
Static tests to measure strains in the vicinity of the
crack tips were performed on the same machine as the fatigue
tests. In this case artificial cracks (sawed slits) were
created 'i ong the 45 degree helix passing through the hole
center. a-he slits were made with a modeling saw having an
0.01 inch wide blade. Sharp crack tips were formed with a
razor blade. To determine the influence of shell curvature
on the crack tip stress field, strain gates were applied to
both the inner and outer surfaces of the Shell. however,
gages were only applied to the outer surface of the shell
when the influence of the hole on the crack tip stresses was
investigated.
TEST RESULTS
General ObservationG
No useful crack growth data was obtained from the tests
involving noncircular notches and slits. In general, cracks
initiated by these notches .ended to branch either at the end
of the induced notch or after a very short period of str.airlit
crack growth. On further considera''ion, branching; is to be
expected for wracks oriented at 0 and 90 degrees relative to
the cylinder axis. The loading and geometry in these cases
are analogous to those of a cracked plate loaded in pure shear.
In the latter case, it can be shown [2] that the maximum tensile
8
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stress in the vicinity of the crack tip is directed normal
to a line intersecting; the crack tip at an angle of 70.5
degrees. As discussed in the next section, it is expected
that the primary effect of the shell curvature will be to
increase the magnitude of the crack tip stresses, without
significantly altering; their distribution. Since fatigue
cracks tend to propagate in directions normal to the princi-
pal tensile 3tres:3'es, immediate branching should occur when
the crack Initiation notches are oriented at 0 or 90 degrees.
In two unusual cases the crack did grow straight as a
shear fatigue crack before branching. In one case the crack
initiator was a circumferential slit and in the other an ax-
ial notch. This result cannot be explained by continuum mech-
anics concepts. It appears to be a metastable condition as-
sociated with the micrometallurgical properties of the partic-
ular test specimens. Other possible contributing factors are
the notch geometry, the fracture anisotropy of the cylinders
and the small bending stresses induced in the specimens by
the testing machine.
The fatigue cracks nucleated at the edge of the hole did,
in general, behave as expected. Pigure 4 shows a photograph
of fatigue cracks nucleating and growing; from the hole. Each
test was stopped after the cracks grew to a length of approx-
imately one inch. At this crack length the bending stresses
induced by the shell curvature and the local instability of
the shell walls during compressive closing of the crack faces
began to cause significant amounts of bulging on the vicinity
of crack. This bulging significantly alters the mechanism
of fracture occurring at the crack tips, which makes it vir-
tually impossible to correlate the crack growth rates through
an elementary stress-intensity-factor model.
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In the case of two of the cylinders, the testing was
continued, although no length measurements were taken,
until the cylinder was considered to have failed completely.
When the cracks are approximately of equal length, a bulging
or buckling type of failure results. When the cracks lying
along one helix predominate, the result is a tensile failure,
very similar to the static fractures observed in cracked plexi-
glass tubes loaded in torsion. This type of failure could
be termed "delayed static fracture". It was also observed
that the fatigue cracks started as flat tensile cracks (plane
strain mode), but eventually changed to a single shear (plane
stress)mode of growth.
Crack Propagation Data
The crack growth data obtained during; the course of this
investigation are given in Table 3. The nomenclature used
to identify the individual cracks is presented in Figure 5.
The coordinate axis directions indicated on this figure coin-
cide with those of 7igure 2. All values of crack length, L.
reported here are the average of the lengths of the two cracks
growing from dia,ietricalli , opposite sides of the hole. In
addition, only the data for the dominant cracks wJll be util-
ized in the subsequent analysis.
The first treatment of the data consisted of plotting
the averaged crack length L against the number of cycles N
x
on semi-logarithmic coordinate paper and drawing smooth curves
through the data points.* A t ypical example is presented in
* Semi-log coordinates were used in order to expand the small
length region.
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Figure 6. The trends of the curves indicated that the initial
crack growth rates must have been very large. This trend
appears to be confirmed by the initial behavior of the cracks
observed during a test. It seemed that a crack would appear
rather suddenly and then grow to a significant length (0.04
to 0.06 in.) in relatively few load cycles. Por example, the
number of cycles required for a typical crack to grow from
the length at which it was first detected (assumed to be
approximately 0.01 in.) to a length of 0.1 inch were roughly
one-half the number required to increase the crack length
from 0.1 to 0.19 inch.
This behavior seems to be inconsistent with the crack
growth trends for flat plates. However, the observations of
Schijve and Jacobs C31 concerning the initiation and growth
of fatigue cracks in 2024-T3 aluminum plates containing cen-
tral holes loaded in cyclic tension seem to furnish the
explanation. In their tests, Schijve and Jacobs noted that
the crack generally started at one edge of the hole, point
1 in Figure 7, and grew as a "corner crack" having the shape
of a quarter circle. When the crack finally penetrated through
the sheet at point 2, the growth rate initially observed at
this surface was very large, since it was only necessary for
the crack to fracture a very thin layer of material. This
was the case until the crack lengths on both surfaces were
approximately equal to the sheet thickness. At this point
the crack length on the second surface had caught up with the
first and the crack proceeded to grow with its front perpen-
dicular to the sheet as shown in Figure 7.
Essentially the same behavior seems to be indicated by
the data obtained from the present experiments. It would
appear that for the cylinders loaded in torsion, the crack
11
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always started at the inside edge of the hole. This is to be
eApected since for this type of loading the maximum tensile
stresses are known to occur at the inside edge of the hole
[4,5]. The rapid initial crack growth indicated by the crack
length data could be the consequence of a corner crack break-
ing through to the outer surface. Apparently the data presented
in Table 3 for crack lengths less than the shell wall thickness
do not represent the true growth of the main portion of the
crack front. Therefore, only the data for crack lengths greater
than the wall thickness are included in the analysis. Isere
it is assumed that at a crack length equal to the wall thick-
ness, the crack is beginning to grow as a true through crack
with its front perpendicular to the shell wall.
In order to determine crack growth rates dL/dN from the
crack length-cycles data, an analytic function was fitted to
the data from each cylinder. This approach seemed desirable
since the application of simple interpolation formulas result-
ed in extreme fluctuations of the calculated growth rates.
Furthermore, the nature of the crack growth implies the exist-
ence of an asymptote at some finite value of N. a condition
which cannot be satisfied by a simple polynomial function in N.
The function which satisfactorily rectifies the data and
has the proper asymptotic behavior is
L =A An ( C- N N- ) + B	 (1)
where A. B. and C are constants whose values are determined
from the experimental data. Since the constants do not enter
into (1) in a linear manner, and no transformation will yield
a linear relationship among them, they cannot be determined
by the standard least squares curve fitting technique. The
12
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procedure used in this case is to determine approximate val-
ues of the constants by graphical means and then formulate
a set of residual equations in terms of corrections to be
applied to the approximate values of the constants. When
these corections are small, the residual equations will be
linear in the corrections and their values can be computed
by the conventional least squares approach (See [6] for de-
tails).
Table 4 presents the results obtained from the fitting
of (1) to the L-N data for each cylinder. It should be noted
that only values of L greater than the nominal wall thickness
(0.110 in.) were included in the curve fits. Included in this
table are values of the coefficient of linear correlation rxy
and the standard error of estimate S yx . Both of these para-
meters are measures of how well the assumed functional rela-
tionship fits the data. Since a correlation coefficient of
+ 1 denotes a perfect functional relationship, and since the
values given in Table 4 are extremely close to 1, the results
imply that the use of (1) to fit the data is justified. As
an example, Figure 8 presents the data of Pigure 6 plotted
on in PJ/ (C-N ) coordinates.
The crack growth rates dL/dPJ were then computed from
the equation obtained by formally differentiating (1). The
result iF
dL A (1 + - N )	 (2)dN N
	 C -N
After some algebraic manipulation of (1) and (2), the follow-
ing expression is obtained for dL/dN as a function of L:
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This equation implies a constantly changing crack rate as the
crack elongates and a minimum growth rate occuring at L = B.
These results are consistent ::ith the observed crack growth
trends discussed earlier.
Points of crack initiation on the edge of the hole and
average directions of crack growth, as measured at the conc-
lusion of each test, are presented in Table 5. The point of
initiation varied from a minimum of 37 degrees to a maximum
of 60 degrees, with an average for all cracks of 48.5 degrees.
The crack growth directions covered a range from 36 degrees
to 58 degrees with an average value of 45.2 degrees. In 57
percent of the cases measured, the point of initiation and
direction of growth did not coincide, although in most of
these cases the difference was 5 degrees or less. The maxim-
um difference was 25 degrees.
Strain "leasurements
The peak values of the cyclic strains applied to each
cylinder were read from the photographic records of the oscill-
oscope traces generated by the gages. The respective strain
values are included in Table 3. The amplitude of the applied
principal stress in each case is calculated from the strain
through the relation
Q W _ (1 E^.
2R ) t l ^ ) Em (4)
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Where the 1-(h/213) term transfers the value of F„measured
on the outer surface to the midplane of the cylinder wall.
The resulting values of the applied stresses ranged from
7800 + 200 psi to 3350 + 200 psi. These stress levels are
approximately 25 percent of the nominal yield stress for this
alloy.
The strain measurements taken in the static tests to
determine stresses in the vicinity of the crack tips to be
used in correlating; the crack growth data are tabulated Tab-
le 6. Equation (4) was also used to calculate the applied
stresses in this case, but the results are multiplied by an
additional correction factor of 31/30. This factor takes
into account the cross-sensitivity of the 90 0 rosette strain
gages used to measure the applied strains.
The stresses in the vicinity of the crack tip were cal-
culated from the measured strains by the formulas
a (L , 0 ”' E
2 
(e + ve
Y	 1 -v 	 Y	 X	 ( 5)
V X (L 0 _ --- 2 (e X + ve
1 -v
It is felt that due to such factors as the influence
of shell curvature on the gage, minor misalignments of the
gages, the midplane of the gage matrix being above rather
than on the surface, and possible local variations in the el-
astic constants, these calculated stresses have an accuracy
of the order of + 10 percent. All the stress calculations
are based on the nominal values of the elastic constants gi-
ven in Table 2.
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CORRELATION OF THE CRACK GROWTH DATA
Crack Propagation Model
Once a fatigue crack has been established, the remaining
useful life of a part consists of the number of cycles requir-
ed for the crack to crow to a size where complete separation
is imminent or it can no longer perform its intended func-
tion due to excessive deflection. Therefore, the design en-
gineer requires a means of predicting the rate at which
crack will propagate in a given structure. To accomplish
this end, a number of quantitative crack propagation models
have been proposed (See, for example, C71 to [14]). In gen-
eral these models are applicable to thin plates containing
straight through cracks and loaded by a uniform stress per-
pendicular to the crack. The model presented in each of the
cited references may be written in the form
da = f (Q, a, Ci)
	
(6)
Where da/dIN is the rate of crack growth per load cycle, G'
represents the range of the applied stress, and the C  are
material constans.
Since within the perturbation zone around the crack the
shell is subjected to both membrane and bending stresses, the
model given in [1] will be used to analyze and correlate the
crack propagation results. This combined load model may be
Y
expressed as
La B (1 + Q)2a1( kres + r krbs ) 2(a
1 + 
a2)
	
(7)
16   
n 
(amax + a min ) /(a max a min)
Where 
kres 
and krbs are the range values of, respectively
the extensional and bending; components of the stress intensity
factor in the shell, ( is the membrane stress perpendicular
to and away from the crack, r, a1 , cL and 8 are positive cons-
tants. In limiting; cases when k
rbs or kres is zero, (7) re-
duces to the models used for the extension and bending of
plates. Note that in the crack propagation model (7) the
stress intensity factor is used as the correlation parameter,
hence it is assumed that the component of the load parallel
to the crack has no influence on the propagation rate. Further
remarks will be made on this point later in the paper.
Stress Intensity Factors For The Cracked Shell
This section presents the development of the approximate
stress intensity factors for the torLtonally loaded cylindr-
ical shell containing a 45-deg. crack. These factors will
subsequently be used in the crack propagation model to corr-
elate the experimental crack growth data.
Experimental investigations concerning the burst strengths
of cracked pressurized cylinders [15, 161 indicate that the
general effect of shell curvature, when only extensional loads
are applied to the shell, is to reduce the fracture strengths
in comparison to those obtained for cracked plates subjected
to the same stresses. This implies that the effect of shell
curvature is to increase the stress intensity factor above
17
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the value predicted for a flat plate.
Using an argument based on the analogy between the
governing differential equations for a pressurized cylin-
der and a beam resting on an elastic foundation, Sechler and
Williams [16] obtained a semi-theoretical expression for the
stress at the crack tip of the form
Q = C1aCO [ 1 + C2 f (2a )	 ( 8 >
7Rh
where the constants C 1 and C 2 are determined experimentally.
Since a' will be proportional to the shell stress intensity
factor for this configuration, ( 8) can be written in the
form of the ratio of shell and plate stress intensity factors,
ks 	 3 [ 1+C2 f (2a)^
k	 /a-
	
/R—h
where k = 0' F. Equation (9) implies that the shell stress
intensity factor is related to the analogous plate k through
a curvature correction factor which is only a function of the
shell and crack geometry, when the shell and plate are of the
same material.
More recently, Polias [17, 181 obtained asymptotic sol-
utions for the problems of a symmetrically located crack in
a shallow spherical cap and a cylindrical shell, the applied
load in each case being internal pressure. The solution of
each problem was formulated in terms of the appropriate partial
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differential equation of classical shallow shell theory and
then reduced to a pair of coupled singular integral equations.
Two term asymptotic solutions of the integral equations yielded
approximate solutions for the elastic stresses in the vicinity
of the crack tip. The results are:
(1) for the extensional stresses
ox = C, m ( .2 cos e + 1 cos 5e) + 0[r]
m	 2r	 4	 2 4	 2
o	 = ^ ( 5 coo e - 1 cos 5e) + C[r]
	 (10)
Ym	 2r	 4	 4	 2
7= Cmk (" 4 sin	 +1 sin 5e ) + 0[r]
m 
47FO 
4	 2
(2) for the bending stresses at the outer surface of the shell
Q = — C ( 3-3V cos e + 1_1 cos Se  ) + 0[ r]
xb 	
VYr	 4	 2	 4	 2
C k
ayb 
=	 b	 (11 + 1y cos e + 1-v cos 52)+ 0[r]
	 (11).
C kTxyb _ _ b ( 7 4 v sin fie, + 1 sin 5e )+ 0[r]
where Cm and Cb have the forms
Cm = 1 + A p2 + 0[µ4 In 4 ]
(12)
Cb = (Bl + B2 ,fin 42 ) 42 + 0[µ4 An µ4 ]
A, B1 and B2 are functions of v, k = d o* ,fa and the curvature parameter
* Except for the values of the stress intensity factors, the same
results are obtained for the cylinder and sphere.
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PC is given by
4
µC =2(2	 (13 )
a
The preceding; stress equations have the same character-
istic singularity (1/ yr7r-) and angular distribution as those
obtained for stretching; and bending; of flat plates. The
effects of curvature appear only in the magnitude of the
stresses and in the interaction between extensional and bend-
ing stresses. Also, as the shell radius becomes infinitely
large ( c -^ 0) the flat plate solution is recovered
It follows frorn (10) and (11) that the combined stress
intensity factors k  for the axially cracked cylinder and the
cracked sphere under internal pressure are directly related
to the flat plate k for uniaxial tension through what might
be termed "curvature correction factors." These factors can
be written in the form
ks	 Cm + Cb	 1 + (A1 + B2 An p2) µ2
k
ks = Cm - Cb = 1 + (A2 - B2 An p2) µ2
k
(1^1)
for the outer and inner surfaces respectively. The compar-
ison of these equations with (9) is worth noting since the
above analysis predicts a result similar to that observed
experimentally.
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Since Folias employed the Kirchhoff type boundary cond-
itions in his solution, onlir the effective transverse shear	 A
resultants vanish on the crack faces. This causes the same
type of discrepancy to exist near the crack tip as is found
when comparing the Kirchhoff and Reissner bending results
for the flat plate case [19). When the higher order theory
is used, the stress singularity remains unchanged but the
angular distribution of the stresses changes to become exactly
the same as for extension alone. One may therefore conjecture
that the same result would occur if the Reissner theory were
used in the solution of the shell problem. The important
fact here is that it is the ratio of shell to plate stress
intensity factors that is being sought for use in a fatigue
crack growth model and that the ratio will be the same, it-.
respective of which theory is employed to determine the bend-
ing ratio.
The available analytical solutions-in shells consider
only the meridional cuts. For the inclined crack case which
is of interest in this investigation, a similar analytical
solution does rot appear to be possible at the present time.
Consequently, determining the values of the curvature correction
factors through a semi-empirical approach would seem to be a
logical manner Jan which to proceed.
The analysis for meridional cracks indicates that, in-
sofar as the singular stresses in the vicinity of the crack
tip are concerned, the cracked shell behaves as if it were a
plate subjected to combined tension and bending loads. We
therefore begin by assuming that the same result would be
obtained for a cylinder containing a 4 5-deg . crack and loaded
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in torsion; only the values of the curvature correction
coefficients will differ. In this case values of Cm and C 
are obtained by experimental measurements. On the basis of
the plate tension-bending; analogy of the shell, it seems
logical to assume that the bending stress field in the vici-
nity of the crack tip will be related to the Reissner-type
bending solution (hydrostatic tension along; the crack pro-
longation). The stresses along the line of the crack axis
(9 = 0) are then,
aym	
a%	 Cm k
2r
(15)
cyk^ = a
,
	= ± Cb k
2r
where Cb
 intrinsically contains the factor
	 ( ,h).
The preceding equations are only valid in a zone ahead
of the :rack tip which lies outside the region of plastic
strains, but which does not extend beyond values of r which
are small compared to the crack length. In the experiments
to measure the stresses in the vicinity of the crack tip in
order to determine the curvature coefficients, it was not
possible to place the strain gages close enough to the crack
to satisfy the above restriction on r. Under these conditions,
recourse is made to the exact elastic solution for the stress
distribution in a plate containing a ;angle cut and loaded
in biaxial tension-compression [20]. The total stresses along
the line of the crack axis are, in this case, given by
cc
CF tQy = ^_Z
CF 
cc 
t	 — 2Qcc
G =
^t- 
(16)
i
^. J
k
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where t = a + r. The perturbation stresses induced by the
crack are then
Qy 	 Qy- a =QW [ t
c	 t -a	 (17)
Cr= QX + Q = Q [	 t	 - 1 I
C	 t -8
After some rearrangement of the bracketed term in (17), we
o:,tain the following relation between the exact and asympto-
tic stress distributions in the plate:
Qy = Qxa = T r	 (18)C
where
T	 [	 +-- r a	 IV a ]=	 a
1 + (r/2a)
The exact solution for the elastic stress distribution
ahead of the crack in a cylinder is not presently known.
Therefore, we can only conjecture on the difference between
the singular stresses predicted by an asymptotic solution
based on the stress intensity factor and those predicted by
an exact solution. It will be assumed, as a first approx-
imation, that the ratio of the exact stresses for the two
geometries is essentially the same as the ratio of the asymp-
totic stresses, when the plate and cylinder are made of the
same material and have identical crack lengths and applied
4
I
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stresses. That is
Cs (k/,/2—r )
k/ r
Q
=	
Ys
_aW
QY
-Q°D
QX 
+ Qoo
=	 sQ.^ ( 1 9)
where 6  and 6  are the total stresses in the shell atS	 v
the point where the strain gages are located, Cy is the stress
in the plate, calculated from (16), at the same distance from
the crack tip and
	
C s = C11 + C 
	
(20)
Since .
 and G' are based on strain measurements madey	 x
at opposite eAds of tRe crack, it is desireable to reduce the
experimental error by calculating; an average value of the
curvature factor based on both G
	
and G' . This is accomp-
Ys x^
lished by taking the average of	 the `'right hand terms
in (19), which yields
+
Cs = ^ Ys	
Q
 Xs
COQ - Q
Y
(21)
where, of course, C s will take on different values on the
inner and outer surfaces of the shell.
Values of C s were calculated from the crack tip strainCs
measurements for the crack not influenced by the hole (-)ee:
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Table u) by usin g; (5) and (21). Separate least squares curve
fits of a functional relationship having the form of (14) to
the data points obtained for each surface of the cylinder
yielded
C s
 = 1 + (2.04 - 0.79 In µ2)µ2
	
(22)
for the inner surface and
C S 	1 + (1.35 - 0.80 In 
u c ) µc	 (23)
for the outer surface. The results are presented in Figure 9.
It is observed that, for the inclined crack in a cylinder
loaded in torsion, the maxl.mum stresses occur at the inner
surface of the shell.
From the crack growth data it is evident that a signif-
icant amount of fatiF;ue crack ;rowth takes place while the
crack tips are influenced by the hole. '"herefore, to correl-
ate crack growth rates in this region, the shell stress .-inten-
sity factor relationship must be modified to reflect the ef-
fects of the local stress field surrounding the hole.
Bowie [21] has investigated the analogous problem for
an infinite flat  plate containing a centrally located circular
hole with two radial cracks of equal length emanating; from
the edge of the hole. The cracks are symmetrically located
around the hole, and the applied load is either uniaxial
tension or biaxial tendon on the outer boundary 01 the plate
( Figure	 10) .
Bowie's results give
k = Q°DVFL G2 (^^ (simple tension)	 (24)
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k Q°° J_ F2 W	 (uniforri hilxlal tension)
where	 r	 ?or large value:; o0
G2 ;:t^ F2+-1
	
G15)
which reduces (24) to the case of a centrally cracked plate
without a hole, as required. For very small crack lengths
(A-i 0) , the stress-intensity factors are f;overned primarily
by the local stresses at the edge of the hole. Tn this re-
gion the crack will behave in the same manner as an edge
crack in a semi-infinite sheet which is loaded by uniform
tension normal to the crack axis. The stress intensity fac-
tor in the latter case is [22]
k - 1.13 a	 (26)
Since the tangential stress at the hole edge is specified
by the stress concentration factor, (26) becomes
k = 1.13 Ko.11/—L	
(27)
Thus,,
1 i G = 3.39	 and	 lim F2 = 2.26
Values of F 2 (A) and (72 (A) are given in Table 7.L
For the cracked shell problem under consideration here,
the flat plate analogy requires biaxial tension-compression
2,6
e	 ^	 `F F v'^'`+" , i 	 ^^+^ ^ ^ ^	 Js S ^^t	 c	 Jil^{'^ril ^^F ^^" t t t` F t
the distance
the hole correction
that for the plate,
of the shell and
no crack is pre-
(31)
Fs (µ, A)
Fp______ H esH
Q 8	 (^)
pH
loading; (uniform shearing; stress on the diagonal planes) at
the edges of the plate. This loading; condition may be obtained
by super-position of a uniform biaxial compression of magni-
tude(j;° and a simple tension of magnitude 26'wperpendicular
to the crack. The resulting stress-intensity factor is
k = Q'*	 [ 2 G2 (k) - F2 W I
If this relationship is written in the form
k = c^,/—
aFp W
where,
F W _ [ 2G2 (a) - F2 w Ip
1 + ^
(28)
(29)
(30)
it becomes evident that the influence of the hole stress field
reduces to a correction factor to be applied to the stress
intensity factor for the plate without a hole. Values of
Fp (/N) are also included in Table 7.
Observing; that the functions F 2 (;► ) and G,2 (A) decay in
the same manner as the local stress-field a
from the hole increases, it is assumed that
factor for the shell is directly related to
their ratio being; proportional to the ratio
plate stresses for the same value of A when
sent. Therefore
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where Ii is a constant of proport'.onality.
:Joting that for large value:; of a, To IT	 1
811	 ep11
and for small values, F s /Fp = i< s /h	 0'd
 / LT, , we conclude
sIi	 p1I
that H must be unity and
a	 (µ, ^)FS (µ ^ ^)
	 esH
	 Fp W
Qe
pH 
(X) (32)
Due to local bending induced by the shell curvature, ~s will
take on different values on the inner and outer surfaces of
the cylinder.
Values of the stresses in the vicinity of a hole in the
untracked cylinder were calculated from Lekkerkerker's solu-
tion for the cases of interest here [ 141.  ".'he necessary equa-+
tions and their development are given in the Appendix. Fig-
ure ll shows the membrane and bending stress distributions for
one particular case of interest in this investigation
('^= 0.25, O= 45 0 ). In this figure, a positive bending;
stress is denoted as a tensile stress at the inner surface.
For comparison, the stresses for the pure shear loading of
a flat plate containing a hole are also shown in Figure 11.
It is evident that in the shell the influence of the hole
extends to a greater distance than in the plate. In the
case of the cylinder (/A#0), the stresses reach their maxi-
mum values at a value of 9 that is slightly greater than 45-
deg. however, for the small values of 	 involved Here, the
differences between the maximum stresses and those at 45-deg.
are negligible.
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1 1 i.gure 12 presents curves of 1^ 3 (^#, A ) calculated from
(32) for the cylinder geometry associated with the fatigue
crack growth tests ( ,,A- 0.239 1 67= 45°). The maximum values
of I n s are seen to occur at the inner surface of the shell,
as was the case for the curv,,Ature parameter Cs.
Based on the foregoing, an approximate stress intensity
factor in the vicinity of a hole in a cylindrical shell con-
taining an inclined (45-deg.) crack when the cylinder is load-
ed in torsion can be written as
( 33)
k 	 m= k + kb = Cs c s(µ ) F (u , X) k—
oO /--
where k =(j V a and Cs and Ps take on different values at the
two surfaces of the cylinder.
The validity of (32) was checked experimentally. Static
crack tip strain measurements were made on the outer surface
of a test cylinder containing; artificial cracks (slits) loc-
ated within the predicted hole influence region. The stresses
calculated from the measured strains were then compared with
the predicted stresses. Since the points at which the strains
were measured were again relatively far from the crack tip,
the predicted total stresses were calculated from (19) which
in this case is written in the form
Q_ y^	 C sFs ( y -i ) + 1	 (34)
Q CO '	 cca
1	 N^^ ^i .a ej s,a, f ^^	 ^Y# ti	 i^ '!^ ¢	 t	 y
^,t	 }	 v	 x	 ,.i	 1	 ji Fif?i^. *K '^ ^/;	 st	 ^9 ^ a^ 1 r S,
R	 .:{	 r	 i
da
= B ke2(al +a )77
(36)
T
..a
where p- is given by (16) and C 3
 by (23). The correlation
obtained between calculated and measured stresses is shown
in Figure 13, where the diagonal line represents perfect
correlation. Since the data points fall quite close to the
line, indicating good correlation, the hypothesis concerning;
the effect of the hole on the stress intensity factor, (32),
appears to be valid. In order to preclude any confusion, it
is pointed out that the measured values of the crack tip
stresses under the influence of the hole were obtained from
an independent experiment employing a different static test
cylinder than that used to determine the C S values reported
previously. Figure 13 compares the stresses at a point along;
the crack prolongation predicted by (34) with those derived
from experimental strain measurements, based on the assumption
that the C s values are generally valid for these cylinders.
Therefore, it is concluded that the shell stress inten-
sity factor relationship developed in this section represents
a rational engineering type solution to the problem, which
at the present does not appear to be amenable to theoretical
treatment.
In the present study the mean value of the cyclic load
is zero. Iience, defining an equivalent stress intensity
factor as
k  = k
res + ?"krbs
	 (:,5)
the crack propagation model, (7), becomes
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where using the results found above we have
k  =	 (1 + Y) (C aF8 ) i + (1- y) (CaF8 ) o 1 o	 (37)
where i and o refer to the inner and outer surfaces of the
cylinder, respectively. Curves giving k  /a fa as a function
of dimensionless crack length parameter 71= L/r o for r= 0.5
and r= 1.0 are given in Figure 14.
The Crack Growth Rate-Stress Intensity Correlation
The crack growth m .el (36), implies a linear relation-
ship between da/dN and the range of the equivalent stress
intensity factor, k  , when plotted on log-log coordinates.
Accordingly, a computer program was written to determine va-
lues of the constants H and 2 (al + a2 ) on the basis of a
linear least squares fit to the logarithms of the data points.
Inputs tc the program consisted of values of dL/dN (dL/dN = da/dN)
and L. calculated from the data presented in Table 3, by means
of equations (1) and (2),, and the amplitude of the applied
stress. The program computes the curvature correction factor
associated with each crack length by linear interpolation in
a table of values of the function C  (A) where, from (37)
Ck(x) _ i C ( 1 + y) (C eFS ) i + ( 1 - Y) (CaF8 ) o]
 
,/—a	 (38)
and therefore
k 	 =	 Ck(k) Q^	 (39)
	
Y
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The results of the curve fit.- for r= 0. 5,
 as suirrested
in [12], and T= 1.0 are listed in Table 8. In this table,
as before, rxy signifies the coefficient of linear correlation
and Syx the standard error of estimate for the data. .since
the values of rxy are very close to one, im p lying a high
degree of correlation, the assumption of a relationship;
having the form of (36) seems to be ,justified.
As can be seen from the tabulated results, the induced
bending; has relatively little influence on the crack growth.
The differences in the constants for Y= 0.5 and T = 1.0
are quite small and do not appear to be significant. It is
therefore suggested that until additional results are obtain-
ed, the value of a"be taken as 0.5 when the loading induces
combined tension and bending.
For the range of data involved in these curve fits, the
crack growth model for 6063-T6 aluminum is then
da m 1. 30x 10-21k 3.91
d^J	 e
(40)
Typical Lop;-log plots of da/dN versus k  ( = ker)
for two cylinders are shown in figures 15 and 16. A log-lop;
plot of the combined data is given in Figure 17.
It must be pointed out that the curve fits described in
the foregoing paragraphs do not include the entire range of
data indicated in the figures. The lop;-log plots of the
crack growth data show distinct increases in slope at da/d?,1
values in the vicinity of 2.5 x 10 -5 in/cycle: A similar
trend was observed by Schi,jve [23] in cyclic tension tests
z	 ^	 s Fy	 7- 4 • rwSr 7
•	 ^ 	 ^f r	 ^	 ^^	
^ /^^	
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of thin aluminum plates containing; a central hole. In both
cases, this phenomenon appears to be associated with the trans-
ition from the plane strain to the plane stress mode of crack
growth.
As pointed out by McEvily and Johnston [24], and other
investigators [10, 13, 231, the log da/dN-log k  curves for
aluminum alloys are not truly straight lines. In general the
curves have an elongated vertical "S" shape, approaching as-
ymptotic values of k  at very low crack growth rates (da/dN<10-7
in/cycle) and when kmax approaches the critical stress inten-
sity factor (da/dN >>). However, over much of the range, the
curves can be approximated by a line of constant slope of
approximately 4, although in certain limited regions other
values for the slope would be more appropriate. The latter
appears to be the case within the plane strain-plane stress
transition region.
Since the data points in the vicinity of the knees of
the crack growth curves presented here appear to fall within
the transition zone, and since the significant number of data
points involved would tend to disproportionately weigh the
results, it was decided to fit equation (36) only to the
data lying outside the transition region. The resulting
fits are felt to be more representative of the broad trend
of the crack growth data.
For the cylinders used in this'& tests, the end of the
transition region occured at the crack lengths varying from
approximatrly 0.2 to 0.4 inch. However, it was not possible
	
;r
to measure _".e transition crack lengths for each cylinder.
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In order to establish a consistent criterion to separate data
points falling within and outside the transition zone, theor-
etical transition crack lengths were calculated for each
cylinder. Using Dugdale's plastic zone size model, Hahn
and Rosenfield [25] have shown that the end of transition to
a 45-degree shear type of plastic zone occurs when
n
00sec ( 22 a
YP
- 1> 4 h
a
(41)
Schijve, in his extensive study of the fatigue phenomenon
in aluminum alloys [26], has shown that the 45-deg. shear
type of plastic zone is associated with plane stress condi-
tions in the vicinity of the crack tip. Under plane stress
conditions, the fatigue crack propagates alone; a plane hav-
ing an angle of 45-deg. to the sheet thickness. Therefore,
(41) also implies the end of transition from the plane strain
to the plane stress mode of crack growth. Thus, (41) is used
to calculate theoretical transition crack lengths for the
ao
cylinders, with the equivalent nominal stress IF = ke / f a
00
obtained from (37) replacing 0% The calculations yielded a
transition crack. length (from the edge of the hole) of approx-
imately 0.32 in. for Cylinder 19 and approximately 0.36 in.
for the rest of the cylinders. Since these values fall within
the aforementioned 0.2 to 0.4 in. range, they are acceptable.
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DISCUSSION OF RESULTS
The results of the fatigue tests for the cylindrical
shells under torsion are given in Table 8. Figure 18 and
`fable 9 show the comparison of the results of various fatigue
tests obtained from different sources. In the analysis of
the data leading to Figure 18, the fatigue crack propagation
model given by equation (7) was used [14]. For better com-
parison with the present data on shells, the curves in Figure 18
are plotted for zero value of the mean stress (or the factor
12). Exception to this are the curves g and h corresponding
to 6061-T4 shell and plate, which represent the mean of the
data for the stress ratios indicated in the figure (*) 0
Even though not completely relevant to the present dis-
cussion, we first note the difference between two sets of curves
for 2024-T3 and 7075-T6 aluminum plates, namely b,c and d,e.
The results b and c were obtained from [28] where the ratio
.R was varied between 1.13 and 4.8. The two sets of tests
were performed on plates with nominally same thickness and
similar material compositions. The curves are plotted on
the basi •_ f analysis given in [141. From the figure it is
seen that the agreement between the normalized 2024-T3 data
for -Q>1 (curve c) and Al = 0 (curve d) is fairly good. However,
there is a rather large difference between the crack growth
(*)The tests and the analysis for 6061-T4 shells are not
completed yet. The results for different crack geometries
and loading; conditions for these shells and 6061-T4 plates
will be presented in a separate report.
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rates in 7075-T6 plates for the load conditions.l?1 (curve b)
and -Q= 0 (curve e). Such a large difference cannot be attri-
buted to such secondary factors as possible differences in
environmental co.ditions and mechanical properties or exper-
imental errors and data scatter.
On the other hand, as pointed out by Hudson, if the ex-
ternal load fluctuates between a tensile and a compressive
value, one may argue that in highly brittle solids, during
the compressive cycle the crack tip would close and no sig-
nificant damage could take lace. (*)^;	 p	 Hence, in solids with
ve-y small plastic region around the crack tip, the only
phase of the load cycle which should be considered in the
fatigue crack propagation would be the tensile part. If
we now assume that 7075-T6 aluminum is sufficiently "brittle",
and ignore the compressive portion of the load cycle for the
tests corresponding; to -:urve e, the stress intensity factor
k  contributing to the crack growth would be one half of
that shown in Figure 18. Thus, modifying; the results accord-
ingly, we obtain the curve 6'in Figure 18 which is in very
good agreement with the results obtained from [28] (curve b).
Strictly speaking, equation (7) should be modified for
all materials when - 1 <.R 41, where -a_ (G	 +0'	 )/(G` 	 - 61 )
max	 min	 max min
= km/kr . For fixed environmental conditions, the degree
of this modification depends on the properties of the material,
ductility playing the major role. An extreme form of modif-
ication is mentioned above, namely to use (7) without modif-
(*) Private communication with C.M. Hudson, NASA Langley
Research Center.
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ication for 12>-1 in "ductile" materials and for .12.-1 in more
"brittle" materials, and ignore the compressive portion of
the load cycle for -14-A41 in brittle materials by substi-
tuti.-:;; in (7)  k 	 kmax12, da being; zero for .n4 1 in both cases.
do
This seems to be adequate for the materials under consider-
ation. However, at this point the conclusion has to be
considered as being tentative, and the final judgement on
the validity of the idea will have to be made after analyzing
the results of specially designed and well-controlled experi-
ments on broader variety of materials. It appears that the
study of this particular aspect of the fatigue crack propaga-
tion phenomenon will require the consideration of percent
elongation and strain hardening of the material in addition
to other mechanical properties.
For 6063-T6 aluminum the only other fatigue crack pro-
pagation data which are available are .) .ained from pressur-
ized cylinders [1], and are represented by curve a in Figure
18. Curve f summarizes the present data on the torsion of
the shells. The wide difference between the two sets of re-
sults should be understood partly in light of the foregoing
comments on the 2024-T3 and 7075-T6 plate results. However,
here it is conjectured that qualitatively this trend is cor-
rect; that is there ought to be a difference between the re-
sults of the two experiments, and the difference may be due
to the different biaxial nature of the stress states in the
two experiments. The tentative results obtained from
6061-T4 shells (in which, due to the axial constraint, i.e.,
Ex = 0, the stress state was biaxial) and plates (in which
the stress component parallel to and away from the crack
rJ
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was zero) also seem to support this view ),
It should be noted that, certain differences observed
in comparing various fatigue results may be an indication
of the fact that the stress intensity factor, which is
often used in analyzing the data, may not be completely
satisfactory as a basis of comparison unless all the other
relevant factors are carefully considered. The stress inten-
sity factor represents the singular behavior of the stress
state around the crack tip. Hence, it is insensitive to
and cannot account for the effect of the stress component
parallel to the crack. On the other hand, fatigue is basic-
ally a dissipative phenomenon and, since the plastic
.
 deform-
ations around the crack are not expected to be unaffected
by the stresses parallel to the crack, in principle the biax-
ial  nature of the external loads would have some influence
on the crack propagation. In the pressurized shell experiments
(curves g and a in 7igure 18) the stress component parallel
to the crack taas tension, whereas in torsion tests it was
compression. Hence, the tentative conclusion is that, an
additional tensile stress parallel to the crack may be increas-
ing, and a compressive stress may be decreasing the fatigue
() Of course this difference too may be due to factors other
than the biaxiality of the stress state. This question
can be settled conclusively only by studying the effect
of biaxiality in a systematic way. This study is currently
under way at Lehigh University.
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crack propagation rate in thin sheets.(*)
It should also be noted that because of the semi-empiri-
cal nature of the calculation of stress intensity factors,
analysis of torsion res^ilts may have been in error. However,
as the correlation shown in Figure 13 indicates, it is very
unlikely that this error could be sufficiently large to
explain the shift in the plot of torsion data seen in Figure 18.
In addtion to crack growth measurements, the tests also
yielded data concerning the points of crack initiation on
the edge of the hole and the subsequent directions of crack
growth. The average point of crack initiation was 48.5 deg.
If one differentiates Eq. (A.31) and (A.32) of the Appendix
with respect to 9 and sets the sum of the resulting equations
equal to zero, the point of maximum tangential stress at the
edge of the hole is obtained(**). The predicted point is at
46.6 deg. Since fatigue cracks are expected to initiate at
the point of maximum tensile stress, the average value obtain-
ed from the tests compares favorably with the theoretical
value. The large amount of scatter in the measured crack
initiation points which was observed in these tests 15 not
unexpected. For small values of the curvature parameter,
(*) A qualitative explanation for this may be that in the
plastic zone around the crack tip the material is
;a
nearly incompressible, whereas the bulk of the material
is elastic and compressible. Hence, tension parallel
to the crack tends to wedge the crack open and compres-
sion tends to close it.
(**) These equations are valid at the edge of the hole for
the small values / involved here.
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a change of + 10-deg. from the point of maximum .,tress
results in only a small decrease in the stresses. Since
the nucleation of fatigue cracks is controlled by the
microstructural behavior within the highly stressed region,
and is more strongly influenced by minute flaws within
the region than by small changes in the macroscopic stress
level, it is quite possible for a crack to nucleate at
any point over a range from approx-mately 35 to 55 deb;.,
as indicated by the data. The average direction of crack
growth, on the other hand, is remarkably close to the expect-
ed 45-deb;., although the distribution is Slightly skewed
towards greater values.
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APPENDIX
The Stress Field Surrounding a Circular Hole
In a Cylindrical Shell Loaded in Torsion
This appendix presents the mathematical development
of the equations used to compute the stresses in the vicinity
of the hole in the cylinder under torsion.
The problem of the elastic stress distribution in the
vicinity of a hole through the wall of a thin circular cylin-
drical shell was first investigated by Lure [29] who formul-
ated and solved the basis differential equation for axial
tension and internal pressure loadings. His method of solu-
tion involved a perturbation in the curvature parameter
and extended through terms of order p, where
4
12(1-v2) ro
Rh
These solutionzwere only valid for small values of P. In
recent years the problem has received additional attention
and the soltutions have been extended to the case of torsion
loading and to include large values of the curvature parameter.
The most useful of these soltuions are those by Van Dyke C51,
who employed a numerical collocation procedure, and Lekkerkerker
[u], who used a :courier series soltuion. Both solutions
are based on the shallow shell theory. Except for minor
differences arising from the assumed positive directions of
the coordinate axes and the definition of the curvature
parameter, the differential equations used in the cited refer-
ences are the same. The stress equations used in this investi-
gation are derived from Lekerkerker's solution. Their development
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is given below.
The complex differntial equation governing the problem
is [14]2
04 * (x , Y) - 4421a2^ (x, Y) = 0	 (A.1)a 
where 'W(x,y) is a complex stress function whose real part
specifies the membrane stress resultants and ;,he imaginary
part is proportional to the normal displacement component.
That is
_ 0 + iw/6
where	 6 = h/j 12(1-V 2
	 (A.2)
The solution for the torsion problem has the form, in
polar coordinates,
00Cc
73 	 1(Bn-i An)[ J2;2- n(9 )-J- 2A-n(9)1
x H (2) (^) sin 2,90	 (A.3)
where _ -i µ r, H(2) (D is the I1an1cel function of the second
kind of order n,
4
µ	
2(1-- )	 ro
2	 Rh
(A.4)
and the An , B  are unkno;;n real constants to be determined by the
fyy
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boundary conditions at the edge of the hole (r = 1).
N 
 These
are the prescribed membrane loads, bending moment and the
effective transverse shear. Once the A n and B 1
 are determined
for a particular value ofA, all of the stresses can be cal.
culated for all values of r and 0.
Separating Eq. (A.3) into its real and imaginary parts
in accordance Faith Eq. (A.2) yields
o^
•(z) _	 LA 14.7 ^ (z) + BnV^(z)] sin 218	 (A.5)
n=1^=1
Go 00
W(Z) _ -6E1^ 1 [AnVn^( z) 
-BnUtut(z)] sin 21e	 (A•6)
where	 z = µ r, and
UnA(z) _( -
1)n+l[ (bei2^
-nz 
-(-1 )n bei2^,fnz) keinz
71
-(ber2R - n z -(-1)n ber2,t+1 ) kern z]	 (A.7)
Vrd (z) _ Z (-1) n+1[ (be^.,- n - (-1) nber2,+A) keinz
+ (bei21-A -(- 1) n bei2,09) ker f ]	 (A.8)
The function bernz, beinz, kernz and kei nz represent
respectively the real and imaginary components of the Bessel
and I1ankal functions of order n with imaginar;^ arguments.
The equations presented in this Appendix are based on non-
dimensional coordinates in terms of the hole radius, i.e.,
x = x/ro , etc. The angle 8 is measured counterclockwise from
the y axis as shown in Figure 1.
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The series representations of these functions Rre
bernz - E (-1) n (z/2) n+2p coe n + 2 a
	
(A,9)
	
p=O P• (n+P).	 4
(-1)n+p ( z/2)n+pbein z = E	 sin	 2 n	 (A. 10)
P=o p:(n+p)!
	 4
kernz = (In 2 - Y) bernz + n beinz
	
z	 4
n-1
+ E (-1)n+p(n-p-1) : ( z ) 2p-n cos n+2 n
	
Pao
	 P;	 2	 4
+ E CO (p) + m (n+p)] (- 1)^(z/2)n+2p
	p =o	 p! (n + p):
x cos (n + 20 it
ke i z- (In 2- Y) be i z- it ber z
n	 z	 n	 74
+	 1 (_l)n+P(n-a-1): ( z )2p-nai  +2 n
	
Pao	 p;	 2	 4
cc
_[ m (P) + ® (n+P)^ ^1)nfp(z/2) n+2p
	
P=O	 P; (n4lp)
x sin 0+2 n	 (A.12)
4
k	 1
where Y = 0.5772157 and 40 (k)_^ 1 . Also, ber-nz	 (-1) n bern z
and bei-nz = (-1)n beinz.
CO	 ap
The external load is - Nxy (Nxy = (S h =a h) , ( See Fi gure 1)
and the boundary conditions on the edge of the hole are
	
Nr (z = µ) _ - sin 26 + D u2 [Z Oz+ —12a221 ^ (z) 0	 (A.13 )
	
r	 z ae0
44.
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1
Nre (z= µ) _ - cos 20 - D u2 a [ z a 0] ♦ ( ) = 0	 (A. 14)
2	 z
ro
M ( z= µi D ^ ► 'a -- + 2Aa + _v a22 ]w(z)	 0	 (A.15)r	 r2	 a z2 	 z a z z2 ae
0
Qr
r (z= µ) - Qr -fit 1 aMre
r  z a0
= D u3 [A V
2 - 1-v) a (1 a 22)] W(z) - 0	 (A. 16)
r 3 az	 z az z a00
where D = Eh3/12 (1_ V2 ).
After considerable algebraic manipulation, we obtain
the following set of equations to be solved for the A n and
B  (the argument of the functions Unj and Vnj has been omitted).
CO
F 1) [An(µ U' - 4,22Un^) + Bn(µVnA, -4A2VnA)]
A=1 n=1
2
x sin 220 = ro sin 20
D
M ac
r	 r
E-1 [An(µ U' -Un;2) + Bn (µ VL - VnYO]
2
x 21 cos 2Aa = - ro cos 29
D
CO CO
Z Z [An (µ2Vn,2 + µ v V -412 vVny ) -Bn (µ2Un^ + µ v Ur1=1 n=1
	 n,2
- 41 vu i)] ain210=0
n.
(A.17)
(A.18)
(A. 19)
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	 rue	 nA	 n1	 rue
1=1n-1
-Bn(µ3Urd+ µ2Vrd -µ(1+4n2(2 - v))Urd+4, ( 3-v)1inA )] sin UO
= 0
	 (A.20)
where 'UnZ
BZ
= U^, etc.
In order to obtain sufficient equations Iro solve for the
An and B  we make use of the fact, that the atove conditions
must be satisfied at every point on the edge of the hole
(0G (? G 2.1r) and that the functions sin 216P and cos 2,9 form
orthogonal sets in the interval 0 to 2N. That is
211	 0 k#k
sin 2k9 sin 2 AMO) _	 (A.21)
Lnk=^e
0
and
2n	 0k^.e
cos 2 kA cos 2 ;elide =	 (A.22)
0 n k =
where k, f = 1, 2, 3, etc. Performing; the indicated operations
on Eq. (A.17) thru (A.19) yields a four-fold infinity of
equations to be solved for the A n and Bn . In numerical app-
lications the summations must be truncated, which is permis-
sible since there is only small :oupling between the remote
terms of the Fourier series, especially when /& is small.
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The resulting set of 41 simultaneous equations in An
and B 	 (n = 1 9 2 9 ---21) are readily solved for numerical
values of the constants by standard techniques. Due to the
small values of/A'involved in the numerical calculations,
satisfactory convergence was obtained when the Bessel func-
tions were truncated after seven terms, and 21 = 4.
The general program also calculates the membrane and
surface bending stresses in the vicinity of the hole. The
applicable equations are:
NO(z) =Sin 20 ♦ Dµ2 a2♦ z
r 2 az 2
0
2
Nr (Z) _ - sin 26 + D 2 [ 1 a + 12 B92] •(z)
r
2	 z az	 z 
0
M ( Z ) = bD.^L-.[ Va2 + 1 a +12 a22]w (Z)
e	 ro	 a 	 z az 74 ae
= bDL2. I a2+1Ya,+V a2 W (Z)Mr(z) 
r 2	 az2 z az zZ ae2
0
These yield the following equations for the stresses, where
a positive bending stress signifies a tensile stress at the
inner surface,
(Z) = N0(z) = sin 26
+ 2D k 2k
.	 ; [ nU ^^+ BnV ] sin 211
r0
 ^=1n=1
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(A.23)
(A. 24)
(A.25)
(A.26)
Q6
m
CO
Q (A.27)
r"^ 	 A f'^
a (z)	 N (z) _ -sin 20
r	 r
M
Q00	
+D E Z [An ( ^. U' - 412 U )r 1-1 n-1 Z n^ --^	 n,2o	 z
+ Bn (Z Vnj -	 Vn^}] sin 210 	 (A.28)
Z
k 2kQ0b(z) _ ± 6 M0 (z) _ + 6642D Z 1; [An(vV' + 1 V' 
-422 V )
QCO	 h	
kr^^.
.2=1 n =1	 z n,E - n.2
- Bn(VU nA + z U -4^ na2 U)] sin 2A0 (A.29)
	
k 2k	 1	 2Qr (z) _ ±6M (z)_ + 58u2
	 it
 F [An (V + _v Vn;2-41 v Vim)
b	 h	
'" hro =1n=1	 z	 —
CO
a
- Bn(Un,Q + i U; -4j2vU )] sin Ue (A.30)
Z
According to Lekkerkerker, experimental results are in
agreement with the above theoretical predictions, within the
limitations of test accuracy, up to A = 1. It should be
pointed out that the maximum value of the stresses occurs
at a value of 8 that is slightly greater than 45-deb;. if
/* is different from zero.
The asymptotic solution given by Lure was also extended
46
^'--^—°	 ...	 .ti	 r	 i. Fr ,,^	 i'3r 91 -^	 ,,u z +^ •,	 -,e	 -.	 x•r.	 ',"i :.
p '-^4
ir
 br a	 ^ 4
	 ,^	 ^	
i;;^	 ,^	 .^, .x^	
...	
s. ^r•'..	 ^.	 .__,-N .._i _.
s4
to the torsion case. While this solution is not in good
agreement with that given above in the region away from
the hole and at the edge of the hole for
.
,Gc> 0.2, the form of
the solution is of interest. At the edge of the hole (r = 1)0
for an applied loading of -11 y,
a
COm = 4 (1 +nµ2) sin 2 0 +
	 (A.31)
Q	 ^
Q8 = + 2--bh-4 2 (32)[ (7+5v) sin 20-12 (1- V)8n ( y µ ro ) sin 26
b
W
Q
2 ( 1-0 sin 481 + ...
	 (A.32)
Where, in this case, B is measured clockwise from the positive
x axis. The remainder of nomenclature is identical with that
employed previously. ;sere again a positive bending stress
denotes tension at the inner surface of the cylinder.
In Lur'e's original work the influence of curvature was
over-estimated by a factor of 2, due to a numerical error.
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Nominal
6/oa Cy l . y 17 ,Syll 	Cy l .
Outside Diameter (in.)
Maaimum l0 10.1/16 10-1/32 10. 1/32
	 10
Nlntaus 9.63/64 10 10	 to
Nall Thickness (in.) 0.109 0.102 0.101 0.104
	 0.103
Table 2. Mechanical Properties of 6063-T6 Aluminum
vast. 1. Dimensions of 663 .16 Aluminum Cylinder.
	 table 3, Croak Oravtk 04
3/0" Net@
a• e j 1050 M to./le.
.J 1 I
0.050 11.200
0.065 - 19,200
0.066 - 20,000
0.102 21,000
0.106 0.025 22,000
0.125 0.050 23,200
0.135 24,000
0.1 56 - 15,000
01 1 69 0.090 26,000
0.02 0.092 27,000
01202 0.106 26.000
0.222 0.115 29,000
0.243 0,132 30,000
0.252 0,130 31,000
0.270 0,155 32,000
0.262 0.160 33,020
0.305 0.196 34,000
0.%0 0.219 35,000
O.ISS ,.	 230 35, Soo
0,370 0.235 36,DOO
0.382 0.240 36,500
0.405 0.232 37,000
0.422 0.260 37,300
0.440 0.292 36,000
0.456 0.290 36,500
0.460 0.300 39,000
0.505 0.310 39,500
0.542 0.330 40,000
0.615 0.355 41,000
0,722 0.415 42,000
1.035 0,473 43,000
Property	 Typical Guaranteed
	
'
y#S3)e	 M^33Sum	 yl:YI.	 v6.13	 15	 17	 20
Strength (psi)
Ultimate	 35,000	 30,000	 -	 -	 -	 -
y ield	 31.000	 25,n00	 -	 -	 -
shear
	 22,000	 -
Lndurance	 10,000	 -	 -	 -	 -
Llongation in
2 in. (b)
	
12.16	 6	 -	 -	 -	 -
Lax10.6 (psi)	 10.0	 -	 9.6	 9.9	 10.1 10.0 10.0
v e
	0.333	 0.327 0.320 0.326 0.326 0.327
L c/L a 	v c/v 6	 1.062 0.973 0.662 1.60 1.003
Reduction n
area '%)t54)	 44
a All values listed in this column are tram tests
parallel to the direction of working.
Table 4. Curve Pit Parameters Prom L vs. N Data
Cylinder A 2 C a
•IYR
13 0,17166 0.095 43,145 0.9993 0.00756
14 0,14791 0.104 47,339 0.9993 0.00531
15 0.16065 0,076 46,433 0.9996 0.00307
16(1) 0,17603 0.110 37.400 0.9991 0.00566
16(2) 0.1,664 0.096 31,020 0.9996 0.00566
17 0,16740 0.062 37,643 019998 0.00467
19 0,16801 0.050 46,993 0.9986 0.00740
20 0.17746 0,068 39,270 0.9990 0,01138
21 0116713 0,036 56,402 0.9996 0.00497
Cylinder 16
3/6" Hole
a• • = 1050 p to./in.
	
0.045
	 13,000
	
0.062
	 0.066
	 17,000
	
MIS
	 0.106
	 19,000
	
0.160	 0.142	 21,000
	
0.190	 0.150	 23,000
	
0,232
	 0.213	 25,000
	
0.270	 0.252	 27,000
	
0,320
	 0.292	 29,000
	
0,402
	 0.330	 31,000
	
0.475
	 0.422	 33,000
	
0.160	 01553	 35,000
	
0.770	 0.775	 36,500
	
0.915
	 1.290	 37,000
rYLIndor.0
3/6" Note
am • j :03 31 y in./in.
	
1	 1	 8
	0.0 	 13,000
	
0.043
	 17,000
	
0.096
	 0.013	 19,000
	
0.123	 0.026
	 21,000
	
0.163	 0.080	 23,100
	
0.190	 0.115	 23,000
	
0.232
	 0.135	 27,06
	
0.268	 0.184	 29.000
	
0 1 340	 0.193	 31,000
	
0.405
	 0,243	 33,000
	
O.J19
	 0,303	 33,000
	
0./60	 0.360	 37,000
	
1.010	 0.413	 37,300
Cylinder 21
3/6" Nola
s. • t 1100 y tn./in.
	
1	 1 b
	0.023 	 16,000
	
0,033	 20,000
	
0.63	 22.Ou0
	 3
	
0.013	 24,000
	
0,055	 0.023	 27,000
	
0.033	 0.033	 29,300
	
0.063	 0.065	 31,000
	
0.102	 0.060	 33,000
	
0.135	 0.104	 33,050
	
..160	 0.115
	
37.000
	190 	 0.140	 39.000
	
84.220	 0.133	 41,000
	
0.253
	
0.180	 43,000
	
0.268
	
0.202
	
43,000
	
0.330	 0.230	 47,000
	
0.39)	 0.233	 49,000
	
0.4:1	 0.265	 51,000
	
0.545	 0.335	 53,000
	
0.730	 0.405	 55,090
	
0.815	 0.408	 55,300
	
0,935	 0.433	 56.000
Crl edar 16
3/6" Note
4. • j 1100 r in./to.
	
0.070	 0.033
	
23,000
	
0.100	 0.070	 25,000
	
0.140	 0.093
	
21,000
	
0.166	 0.116
	
29,000
	
0.165	 0.132	 30,300
	
0.216	 0.152	 32,000
	
0.236	 0.170	 $3, SO0
	
0.262	 0.113	 35,000
	
0.284	 OJOS	 36,500
	0.320 	 0.250	 36.000
	
0.3$0	 0.265	 40.000
	
0,366	 0.325	 41,500
	
0.445	 0.36S	 43,000
	
0,505	 0.415	 44,500
	
0.626	 0.510	 46,000
Cylinder 15
3/6" Note
a• .	 1100	 p tn./tee
n
•	 0.065	 23.000
	
0.035
	
0.100	 25,000
	
0.075
	
0.125	 27,000
	
0.102
	
0.155
	
29,300
	
0.135	 0.160	 31,100
	
0,162
	
0.106
	 33,000
	
0.200	 0.245	 35.000
	
0,235	 0.260	 37,000
	
0.272	 0.336	 39.000
	
0.476	 0.545	 43,000
	
0.545	 0.610	 46,000
	
0.615	 0.706	 47,000
	
0.722	 0.652	 47,600
	
0.772	 0.930	 46,000
Cylinder 19
3/8" Role
aw
 • j 1125 y ln./Ln.
	
h	 1	 r
	0.033
	 23,000
	
0.040	 -	 25,000
	
0.076	 -	 27,000
	
0.110	 0.020	 29,000
	
0.135
	 0.066
	 31,000
	
0.195	 0.095
	 33,300
	
0.210	 0.125	 35,200
	0.226 	 0.140	 37,000
	 75 	 0.130	 39.000
	
01316	 01160	 41,000
	
0,365	 0.205	 '.3,000
	
0.460	 0.226
	 45,000
	
0.376	 0.263
	 47,000
Cylinder 20
3/6" Note
am r j lots p in./in.
	
s	 3	 ^
	
	 0.045
	 24,000
	
0,053
	 0.120	 26,000
	
0.060	 0.136	 26,000
	
0.100	 0.222
	 30,000
	
0.122	 0.272	 32,000
	
0.130	 0.370	 34,490
	
0.185	 0.480	 36,500
	
0.26	 0.585	 38,000
	
0.222	 0.705	 36,500
	
0.240	 0.690
	 $9,000
t
^^	
r	 ^ ^ 'i
	 x ra	,,	 t  is
- 3	 "s.	 p.r.'S ,	 Sty.	 .M.	 .y	 qy ^,,, fe
	 /	 ^'n^^ 3	 Y^/' tx r(	 ^^ r i^ • ^ 1	 %^5^ '-
Table 6. Static Tut Data
1. Crack Influenced by the Nola
(r ,
 - 0.19", o - 0.25)
• C2
 and F  valves from [3]. According to Roberts [46; tl,. u
values may be slightly low for )J0.5.
• (in)	 t (in)	 A	 •0(y to / in)	 t r W in / in) 2c-W Win)	
Table 8,	 Crack Growth Constants
idll -	 a ( kt + 7 kb)2 (aI + c2)
.24	 .34	 0.263-
	 1500	 40	 2440
.29
	 .34	 0.526	 1750	 75	 1950
.39	 .49	 1,053
	 1000	 190	 1380
1	 .59	 .69	 2.105
	 1000	 160	
it
	
2(n1 + a2)	
_.M	 ^_
90 
'	 13	 6.41 x
	 10
-20	 3.47	 .974	 .216
.94
	 1.04	 3.947	 1000	 140	 700	
14	 5,11
	 x	 10 -22	 3.96	 .990	 .180
1.29	 1.39	 5.790	 1000	 0	 630	
15	 5,56	 x	 10-1,	 3.24	 .987	 .161
16(1)	 1.45
	
x	 10-18	 3.17	 .988	 .157
2.	 Crack Not Influenced by the Hole
	
16(2)	 1.47 x	 10-L4	 4.61	 .974	 .451
17	 3.34
	 x	 10-21	 3.81	 .969	 .202
(to - 0.102 11 , N - 0.134)
	 19	 5.64	 x	 10	 20	 3.49	 .967	 .203
t	 nn	 8	 ac	 20	 1.66 x 10
-19
	 3.42	 .991	 •131
• (!n)	 t (in) s 0(yin to
	 e t (p in Ln) s e	 n	 n	 s r	 n	 o	 2e.(yln/tn)
	 21	 3.06	 x 10-18	 3.06	 .988	 .167
All Data	 1.67 x 10 -20	 3.62	 .957	 .363
0.50	 0.63	 2810	
-760	 2260	 •120
	 3000
0.875
	 1.00	 3190	 -250	 3230	 1070	 2300	 7-M
1.25	 1.38	 2960	 425	 5780	 3340	 2000	 Cylinder	 J)	 2(al + a2)	
!U-	 !ML
131.74 x 10 -21	 3.87	 .979	 .200
Table.	 9. Summary of crack growth constants for 	
14	 4.25 x 1023 	 4.25	 .991	 .164
various materials.	 13	 1.72 x 10
-20	 3.61	 .988	 .139
16(1)
	 7.94 R 10-20	 3.49	 .990	 .135
Material	 B	 2(a%+•t)	 Ref.	
16(2)	 6.40 x 10- 27	 5,19	 .974	 .454
a	 6063 -T6 Shell-pressure	1.07 x 10-19	 3 . 85	 1	
17	 1.69 x 10-21	 3.92	 .987	 .215
21
2U	 19	 4.75 x 10
-
	3.77	 .989	 .189
b	 7075-T6 Plate-teneicn	 6.22 x 10-	3.90	 2B	 20	 1.12 x 10-19
0	 2024-T3	 "	 ^	 2.68 x 10 -19	 3.62	
28	 3.5	 990	 137
d	 2024 -T3	 "	 "	 2.09 x	 ] 0
-20	 3.84	 27	
11	 5.54 x 1020 	J.50	 .990	 .1.37
4.12 x 10
-20	
3.68	 27	
All Data
	 1.30 x 10-21	 3.91	 .95	 .387
e	 7075-T6	 "	 "
s'	 7075-T6	 "	 3.29 x 10-19	 3.68	 27
f	 6063-T6 Shell-torsion	 1.30 x 10-21	 3.91
41	 ..
10.
Y"
I
5
1	 t
Tale !-	 ►slat of Crack Initiation end Average
Direction of Growth in Degrees of Are Table T.	 IMIe Influence /eeteri
hint (r)	 L	 L	 L► (U	 10)!(1) L2('2) i ^ (1) r (h) ►s(1)
^Il1^ Direction (D) ^^ ^ ^ '
13 f	 56	 >•	 5 35 0 3.N 2.26 0
D	 49	 41	 so	 a(50.27") s0 0.1 2.73 1.96 1.05
is r	 53	 ss	 so w
0.2 2.41 1.83 1.22
D	 39	 5	 5
(51/.W")
47 0.3 2.15 1.70 1.25
16 P	 N	 Y	 Y N
0.4 1.96 1.61 1.24
D	 49	 48	 48
(47/.11")
N 0.5 1.63 1.37 1.21
17 ► 	 42	 S7	 54 41
0,6 1.71 1.52 1.16
D	 42	 49	 49
(45/.53")
41 0.8 1.56 1.43 1.13
tv ► 	 n	 41	 x 46 1.0 1.45 1.38 1.06
0	 )7	 37	 37 46 1.5 1.29 1.26 1.02
10 ► 	 60	 42	 45
D	 35	 42	 43
45
45
2.0 1.21 1.20 1.00
21 ►	 45	 52	 47 37
7.0 1.14 1.13 1.00
D	 5	 52	 47 43 5.0 1.07 1.06 1.00
10 1 0 1.03 1.03 1.00
1.00 1.00 1.00
• (	 )	 signifies direction of growth after crack
turned and crack length at which turning took /lace.
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Schematic M .gram of
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Figure B
Typical Plot of L vs Ln[N/(C-N)]
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hole Stress Distributions
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ONN vs. ka , Cylinder 19
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